
Computational Electromagnetics

Lecture 6: ABC & PML

October 22, 2020
Wuhan, Hubei, China



In-Class Test Rules
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A. The Honor Code is an undertaking of the students, individually and 
collectively:
1. that they will not give or receive aid in examinations; that they will not give 
or receive unpermitted aid in class work, in the preparation of reports, or in 
any other work that is to be used by the instructor as the basis of grading;
2. that they will do their share and take an active part in seeing to it that 
others as well as themselves uphold the spirit and letter of the Honor Code.
B. The faculty on its part manifests its confidence in the honor of its students 
by refraining from proctoring examinations and from taking unusual and 
unreasonable precautions to prevent the forms of dishonesty mentioned 
above. The faculty will also avoid, as far as practicable, academic procedures 
that create temptations to violate the Honor Code.
C. While the faculty alone has the right and obligation to set academic 
requirements, the students and faculty will work together to establish optimal 
conditions for honorable academic work.

I acknowledge and accept the Honor Code.

Signed____________________________________
Dated_____________________________________



Boundary Conditions
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• Absorbing bc

• Radiation bc

• Periodic bc

• Conducting bc



Infinite Space
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Boundary of Truncated Region
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ABC vs PEC
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One-Way Wave Equations
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First-Order Mur Boundary Condition
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First-Order Mur Boundary Condition
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2D Boundaries
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2D Wave Equations

11



Radiation Operator
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Radiation Operator
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First-Order Mur Boundary Condition
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Radiation Operator
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FD
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2nd-Order Mur Boundary Condition in 2D

17



Mesh Diagram
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Trefethen & Halpern
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3rd-Order Mur
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Higher-Order Mur Boundaries
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Fourier Mode Test
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Reflection Coef w/ Dispersionless Assumption
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Reflection Coef w/ Dispersionless Assumption
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3D Boundaries
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2nd-Order Mur in 3D
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2D Cylindrical Wave Equation
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Sommerfeld Radiation Condition
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Approximate One-Way Wave Equation
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Bayliss-Turkel Operators
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2nd-Order Bayliss-Turkel Radiation Operator
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Bayliss-Turkel Operators in Spherical Coordinates
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Higdon Operators
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Reflection Coef
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Higdon Operators for M = 1 & M = 2
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Higdon Operators for M = 2
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Higdon Operators
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PML

38



Radiation vs Absorbing Boundary Conditions
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Planewave Reflection at Media Interface
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Interface
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Uniform Plane Wave Incident on General Lossy Media
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Phasor Representation of a Time-Harmonic Field
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Impedance
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Region 1
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Region 2
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Some Algebra…
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Reflection & Transmission Coefficients
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Normal Incidence
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Impedance Match
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Oblique Incidence
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Region 2 (Bérenger Medium)
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TM Mode
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Wave Equation
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Continuity
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Reflection & Transmission Coefficients
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Impedance Match
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Bérenger Split-Field PML in 3D
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Basic Principles of PML
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• Must provide zero reflection at the interface

• Must absorb the incident wave as it propagates into the 

PML



PML Grading (Polynomial)
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PML Grading (Geometric)
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Example
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UPML
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Incident Wave
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Permittivity & Permeability Tensor

65



Wave Equation
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Dispersion Relation
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Fields
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Reflection & Transmission Coefficients

69



Zero Reflection at Interface
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Permittivity & Permeability Tensor
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3D
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UPML vs Bérenger Split-Field PML
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Bérenger Split-Field PML as Simple UPML
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Maxwell’s Equations in the UPML Medium
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2D TM Mode
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Maxwell’s Equations in the UPML Medium
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Discretization
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Update Equations
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Running Integral in Update Equations
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Update Equations
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Corner
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Ampère’s Law
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Auxiliary Fields
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Update Equations
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Auxiliary Fields to Physical Fields
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Update Equations
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Update Equations
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Propagating vs Evanescent Waves
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CFS-PML
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strictly causal



Analytical Continuation
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SC-PML

92



Stretched Coordinates
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CPML
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Impulse Response
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Discrete Impulse Response

96



Discretization
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Auxiliary Variable
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Example
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Vectorization
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CPML Advantages
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• Boundaries can be placed closer to sources

• Independent of medium



PML Limitations
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• Discretization and numerical reflections

• Angle-dependent absorption

• Inhomogeneous media where PML fails



Stretched Coordinates
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PMLs
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